Received: July 25, 2000, Accepted: August 26, 2000

HYPER VERSION

Is the electric charge conserved in brane world?

Sergei L. Dubovsky, Valery A. Rubakov, Peter G. Tinyakov^∗

Institute for Nuclear Research of the Russian Academy of Sciences 60th October Anniversary Prospect, 7a, 117312 Moscow, Russia E-mail: sergd@ms2.inr.ac.ru, rubakov@ms2.inr.ac.ru,

peter@ms2.inr.ac.ru

Abstract: We discuss whether electric charge conservation may not hold in four-dimensional world in models with infinite extra dimensions, i.e. whether escape of charged particles from our brane is consistent with effectively four-dimensional electrodynamics on the brane. We introduce a setup with photon localized on the brane and show that charge leakage into extra dimension is allowed within this setup. The electric field induced on the brane by escaping charge does not obey four-dimensional Maxwell’s equations; this field gradually disappears in a causal way. We also speculate on the possibility of the escape of colored particles and formation of colorless free quark states on the brane.

Keywords: Extra Large Dimensions, Gauge Symmetry.

∗Institute of Theoretical Physics, University of Lausanne, CH-1015 Lausanne, Switzerland.

Contents

A. Calculation of the electromagnetic potential 8

The discussion of whether electric charge may not be exactly conserved has long history [1]–[4]. In four-dimensional theories, even tiny non-conservation of electric charge leads to contradictions to low-energy tests of quantum electrodynamics unless exotic millicharged particles are introduced [3] (see, however, ref. [5]). A new perspective emerges in theories describing our world as a brane embedded in higherdimensional space with infinite extra dimensions [6]–[9]. It is conceivable that in these theories, particles initially residing on our brane may eventually leave the brane and disappear into extra dimensions. In fact, this leakage of particles has been found to be generic at least in a class of field theoretic models of localization of matter on a brane: once matter fields get small but non-vanishing masses, the localization becomes incomplete and particles tunnel from the brane into extra dimensions [10].

If particles that leave our brane are electrically charged, their disappearance into extra dimensions would result in the non-conservation of electric charge, as seen by a four-dimensional observer. Of course, in this scenario electric charge is conserved in the full multi-dimensional space; the charge non-conservation in fourdimensional world is merely a consequence of incapability of our devices to detect the charges outside the brane. Still, this scenario has distinctive experimental signatures such as literally disappearing electrons. Hence, an observation of processes like e^− → nothing would be a strong evidence for the existence of infinite extra dimensions. In a sence, this probe of extra dimensions is complementary to searches expoloiting the possibility of low fundamental gravity scale: the latter possibility exists irrespectively of whether extra dimensions are compact [11, 12, 13] or infinite [14] whereas the disappearance of matter emerges in theories with infinite extra dimensions but does not require the low fundamental scale of gravity. The rates of proccesses like e^− → nothing are naturally small [10] but presently cannot be reliably predicted as they depend on the localization mechanism and unknown parameters of extra-dimensional physics.

One may worry that non-conservation of electric charge in our world may be in contradiction with the fact that electrodynamics on the brane is effectively four dimensional. Indeed, the standard lore is that the charge conservation in our world is guaranteed by the four-dimensional Gauss’ law (and causality, i.e. absence of actionat-a-distance). The purpose of this paper is to prove by example that there is no contradiction at all: in a model we consider, escape of charges into extra dimensions is perfectly consistent with localization of electromagnetism on the brane. The resulting picture is that physics becomes intrinsically multi-dimensional once the charged particles leave the brane; the four-dimensional Gauss’ law is no longer valid; the electromagnetic field induced on the brane by escaping charges does not obey the four-dimensional Maxwell’s equations; this induced field gradually decreases in a causal manner and finally disappears.

The issue we discuss in this paper has a close gravitational analogy: matter leaking into extra dimensions carries away energy, so one may wonder whether this is consistent with the “Gauss’ law” of four-dimensional general relativity describing gravity on our brane. The gravitational field of escaping particles has been studied in ref. [15] with the results very similar to those outlined in the previous paragraph. We will closely follow ref. [15] both in spirit and in some of the technicalities.

To discuss the consistency of charge non-conservation on the brane with fourdimensional behavior of electromagnetism, we have in the first place to construct a model with a localized photon. A simple possibility is the localization of a photon due to gravity produced by the brane itself, which is very much the same mechanism as one leading to the localization of a graviton [9] and a scalar [16]. Consider space-time with (4+n+1) dimensions, n of which are compact and one is infinite and “warped”. For simplicity we consider compactification on n-dimensional torus. Let our world be a (3 + n)-brane with n compact dimensions of very small size (smaller than TeV^{−1}). The brane has a certain tension, and there is a negative bulk cosmological constant. With this setup and appropriate fine-tuning between the bulk cosmological constant and brane tension, there exists a solution to (4+n+1)-dimensional Einstein equations with metric similar to the Randall-Sundrum [9] one,

ds^2 = a^2(z) [ η_{μν} dx^μdx^ν − n∑ i=1 R^2_i dθ^2_i ] − dz^2 , (1)

where η_{μν} is the four-dimensional Minkowski tensor, θ_i ∈ [0, 2π] are compact coordinates and R_i are (small) sizes of compact dimensions. Here a(z) = e^{−k|z|} and k is determined by the bulk cosmological constant.

Let us now introduce the U(1) gauge field A_M propagating in the background (1). With appropriate rescaling, its free action is

S_{gauge} = − 1 4 ∫ dz · ∏ dθ_i 2πR_i · d^4x √ gg^{MP} g^{NQ}F_{MN} F_{P Q} . As we consider small R_i and low energies, we truncate this action to the zero Kaluza- Klein modes of compact n dimensions, i.e. take A_M independent of θ_i. To see that there exists a photon localized on the brane, consider the action for four-vector components A_μ(x, z) of the gauge potential, S = − 1 4 ∫ dza^nη^{μν} η^{λρ}F_{μλ}F_{νρ} + · · · . We see that the measure determining the normalization factor is ∫ dza^n ≡ ∫_∞ −∞ dze^{−kn|z|} . (2) Hence, the z-independent mode, A_μ(x), is normalizable; this is the wave function of the localized photon, up to a normalization factor proportional to √ kn. The reason of why we had to generalize the five-dimensional Randall-Sundrum setup is now obvious: at n = 0 there is no localized photon [16], but at n ≥ 1 gauge fields localize on the brane, and electrodynamics on the brane becomes four dimensional at large distances.

The main purpose of this paper is to calculate the gauge field induced on the brane by charges escaping into the non-compact dimension. We again take the charged fields independent of θ_i. The motion of charges along the z-direction is then treated in the classical approximation. Let us consider for definiteness a single particle that has been at rest on the brane at x = 0 and t < 0 and then (at time t = 0) escapes the brane towards positive z with zero initial velocity. (The same calculation applies to the process of escape of a particle in an orbifold setup with fixed point z = 0.)

The particle moves perpendicular to the brane and gets accelerated towards large z by the gravitational field [17, 15]. The world line of this particle is given by

x_c = 0 ; z_c(t) = 1 2k ln(1 + k^2t^2) . (3)

For a particle of charge e, the non-vanishing components of the corresponding electromagnetic current are √ gj^0 = eδ^{(3)}(x)δ(z − z_c(t)) , (4) √ gj^z = eδ^{(3)}(x)δ(z − z_c(t)) dz_c dt . (5)

Hereafter g = | det g|. This current induces the electromagnetic field everywhere in space-time according to Maxwell’s equations ∂_M (√ gg^{MN} g^{P Q}F_{NQ} ) = − √ gj^P . (6)

Since j^{θi} = 0, it is consistent to set A_{θi} = 0, and also consider A_M independent of θ_i. Furthermore, we can choose the gauge

A_z = 0 .

Then Maxwell’s equations (6) reduce to two equations. On the right to the brane these are e^{−nkz}∂_μF^{μν} − ∂_z ( e^{−(n+2)kz}∂_z A^ν ) = −δ^{ν0} √ gj^0 , (7) e^{−(n+2)kz}∂_z ∂_μA^μ = − √ gj^z , (8)

where the four-dimensional indices are raised and lowered by the Minkowski metric.

As long as we are interested in the electromagnetic field on the brane, only eq. (7) is important. This equation (again on the right to the brane for definiteness) can be written in the following way: e^{−nkz} [ ∂^2_μ − e^{−2kz}∂^2_z + (n + 2)ke^{−2kz}∂_z ] A^ν = −δ^{ν0} √ gj^0 + e^{−nkz}∂^ν (∂_μA^μ) . (9)

The last term in this equation can be explicitly found by making use of eq. (8), but it produces pure gauge contribution on the brane. Indeed, the solution to eq. (9) is expressed in terms of the retarded Green’s function, G_R(x − x^′, z, z^′), of the operator entering the left-hand side A^ν (x, z) = − ∫ d^4x^′dz^′G_R(x − x^′, z, z^′)δ^{ν0} √ gj^0(x^′, z^′) + + ∂_ν ∫ d^4x^′dz^′G_R(x − x^′, z, z^′)∂_μA^μ(x^′, z^′)e^{−nkz′} . The second term here is pure gauge on the brane; it does not affect charges residing on the brane and hence can be omitted. The only relevant component of A^μ on the brane is then

A^0(x) ≡ A^0(x, z = 0) = − ∫ d^4x^′dz^′G_R(x − x^′, 0, z^′) √ gj^0(x^′, z^′) .

Upon introducing a variable ξ = 1 k e^{kz} this expression is written in the following explicit form:

A^0(r, t) = − ∫ dt^′ ∫_∞ 1/k dξ^′G_R ( t − t^′, r, ξ = 1 k , ξ^′ ) eδ(ξ^′ − ξ_c(t^′)) . (10)

We will be interested in length scales much larger than k^{−1}, so we will set

ξ_c(t) = t

in the rest of our analysis.

To proceed further, we need an explicit form of the retarded Green’s function, G_R(x − x^′, z, z^′) = [ knD_0(x − x^′) + ∫_∞ 0 dmA_m(z)A_m(z^′)D_m(x − x^′) ] . (11)

Here the first term is the contribution of the zero mode, the second term comes from the continuum of non-zero modes. We can divide the continuum modes into symmetric and anti-symmetric subsets with respect to the brane. Anti-symmetric modes vanish on the brane, so they do not contribute to the Green’s function at z = 0. Since we are calculating the gauge field on the brane, we can neglect anti-symmetric modes in eq. (11). The symmetric modes are A_m(z) = e^{kνz} √ m 2k N_{ν−1} (_m k ) J_ν (_m k e^{kz} ) − J_{ν−1} (_m k ) N_ν (_m k e^{kz} ) √ N_{ν−1} (_m k )_2 + J_{ν−1} (_m k )_2 , (12)

where ν = n 2 + 1 .

These continuum modes are normalized to δ(m − m^′) with the weight (2). The retarded four-dimensional massive propagators entering eq. (11) are conveniently written in coordinate representation,

D_m(x) = − 1 2π θ(t)δ(λ^2) + m 4πλ θ(t − |x|)J_1(mλ) , (13) λ = √ t^2 − |x|^2 .

As a consistency check of our calculation, we point out that had one boldly made use of the zero mode approximation, i.e. neglected the continuum contribution in eq. (11), one would obtain from eq. (10) that the induced gauge potential A^0 is a static Coulomb potential, A^0 ∝ 1/r. This is not surprising, as electrodynamics is effectively four dimensional in the zero mode approximation.

The zero mode approximation is not justified when charges move outside the brane, so we proceed to evaluate the complete Green’s function. At large distances, t, |x| ≫ k^{−1}, and well away from the light cone, λ ≫ k^{−1}, only relatively small masses m are relevant, and we obtain G_R(x, 0, z^′) = − θ(t − |x|) (2k)^{ν−1}4πλΓ(ν − 1) e^{kνz′} ∫_∞ 0 dmm^ν J_1(mλ)J_ν (mξ^′) , (14)

where we set z = 0, as we are interested in the induced field on the brane. Note that the first term in eq. (13) cancels out due to completeness of the set of the modes (including the zero mode).

The induced electromagnetic potential is obtained by plugging the expression for the Green’s function, eq. (14), into eq. (10). The evaluation of the resulting integrals is somewhat cumbersome, and we outline this step in appendix A. Let us present the results for A^0(x, t) ≡ A^0(r, t) for n = 1 and n = 2.

n = 1 :

A^0 = ke 4π^2 [√ t^2 − r^2 t^2 + 1 r { arctg ( t + r t − r )_{1/2} − arctg ( t − r t + r )_{1/2}}] . (15) n = 2 : A^0 = ek 4π · 3t^2 − r^2 2t^3

. (16)

These expressions are valid inside the light cone r < t, whereas outside the light cone A^0 is still equal to the Coulomb potential generated by the charge that has been at rest on the brane at negative times,

A^0 = nek 8π · 1 r , the factor nk/2 coming from the normalization of the zero photon mode. At both n = 1 and n = 2, the gauge potential A^0 and electric field E = −∂_rA^0 are continuous on the light cone. Deep inside the light cone, i.e. at r ≪ t, the electric field gradually disappears, E ∝ r t^3

. (17)

The case of arbitrary even n is also possible to treat analytically; by making use of eq. (A.5) we have checked that the same properties (continuity of A^0 and E across the light cone and the behavior (17) at r ≪ t) hold for all even n. The electromagnetic field induced on the brane by escaping charges switches off in a causal way.

We conclude that the electric charge non-conservation in the brane world via the leakage of charged particles into extra dimensions is consistent with effectively four-dimensional electrodynamics governing the long distance interactions of charges residing on the brane. In the setup we introduced in this paper, escaping charge induces spherical electromagnetic wave on the brane; beyond this wave electromagnetic field gradually disappears. This wave is a collective effect of the photon zero mode and continuum modes.

The existence of continuum bulk modes with arbitrarily small four-dimensional “masses” is crucial for this phenomenon, as it makes the problem intrinsically five dimensional even at large distances, and in this way the 4-d Gauss’ law obstruction to the electric charge non-conservation is avoided. We expect that the non-conservation of electric charge on the brane is possible in all models with localized photon and continuum of electromagnetic modes in the bulk that starts from zero four-dimensional “mass”. These properties are inherent, in particular, in the six-dimensional string setup of Gherghetta and Shaposhnikov [18]; the localization of a photon in the latter setup has been discussed recently by Oda [19]. On the other hand, those mechanisms of the photon localization which do not incorporate the bulk continuum starting from zero will not allow for the electric charge non-conservation in the brane world; an example is the Dvali-Shifman setup [8]. It remains to be understood which possibility is preferable from the point of view of string/M-theory.

May colored particles — quarks — escape from our brane too? Certainly not in theories with confinement of color both on the brane and in the bulk. However, if color is not confined in the bulk, one may speculate on the following possibility.

(a) (b)

(c) (d)

Figure 1: Formation of colorless anti-quark state.

Consider a well separated pair of quark and anti-quark on the brane, with color flux tube stretching between them (figure 1a). Suppose that the quark leaves the brane (figure 1b); if color is not confined in the bulk, this does not cost very large energy even if the quark travels far away from the brane. After the quark has moved away, there remains an object on the brane (shown by dashed line in figure 1c) which, from the four-dimensional point of view, behaves as a color triplet state with zero baryon number, electric and weak charges, etc. This object may combine with anti-quark to form a free anti-quark colorless state (again as viewed from four dimensions) with quantum numbers of anti-quark (figure 1d). It is worth trying to undertsand at a more quantitative level whether these exotic objects may indeed exist in models with infinite extra dimensions.

Acknowledgments

We are indebted to F. Bezrukov, D. Gorbunov, S. Dimopoulos, G. Dvali, M. Libanov, M. Shaposhnikov, S. Sibiryakov and S. Troitsky for helpful discussions. This work is supported in part by RFBR grant 99-02-18410, by the CRDF award RP1-2103 and by Swiss Science Foundation, grant 7SUPJ062239. The work of S.D. is also supported by the Russian Academy of Sciences, JRP grant 37 and by ISSEP fellowship. The work of P.T. is supported in part by the Swiss Science Foundation, grant 21-58947.99.

A. Calculation of the electromagnetic potential

The calculations of the integral entering eq. (14) are different for even n (integer ν) and odd n (half-integer ν). Let us begin with even n. One makes use of the relation

m^ν J_ν (mξ) = (−1)^ν ξ^ν ( d ξ∂ξ )_ν J_0(mξ)

and obtains ∫_∞ 0 dmm^ν J_1(mλ)J_ν (mξ) = (−1)^ν ξ^ν ( d ξ∂ξ )_ν ∫_∞ 0 dmJ_1(mλ)J_0(mξ) = (−1)^ν ξ^ν ( d ξ∂ξ )_ν θ(λ − ξ) λ . (A.1)

Hence, the Green’s function is concentrated on the five-dimensional light cone ξ = λ. Plugging this expression into eq. (14) and then eq. (10) one finds that the induced field on the brane is given by the following integral:

A^0 = −α_e ∫ dt^′ ∫_∞ 1/k dξ(kξ)^n θ(t − t^′ − r) k^{2ν−3}λ(t^′)^2 δ ( t^′ − √ ξ^2 − k^{−2} ) √ 1 − (kξ)^{−2} × × ξ^2 ( d ξdξ )_ν θ (λ(t^′) − ξ) , (A.2)

where α_e = ( − 1 2 )_{ν−1} e 4πΓ(ν − 1) and λ(t^′)^2 = (t − t^′)^2 − r^2 .

We further simplify this integral by making use of the identity d ξdξ f(ξ) = 2 d dβ f (√ ξ^2 + β )| | |_{β=0} (A.3)

which holds for arbitrary function f(ξ). Then eq. (A.2) takes the form

A^0 = α_ek ( 2 d dβ )_{ν−1} ∫ dt^′ ∫_∞ 0 dξξ^{n+2} θ(t − t^′ − r) λ(t^′)^2 × × δ(t^′ − ξ) √ ξ^2 + β δ ( λ(t^′) − √ ξ^2 + β ) | |_{β=0} , (A.4)

where subleading in λ/k terms have been omitted. Now it is straightforward to perform the integration with the result

A^0(r, t) = α_ek ( 2 d dβ )_{ν−1} ξ^{n+2}_∗ t(ξ^2_∗ + β) | | | | β=0 , (A.5) where ξ_∗ = t^2 − r^2 − β 2t . (A.6)

At n = 2 eq. (A.5) reduces to eq. (16).

Let us now evaluate the integral entering eq. (11) at odd n (half-integer ν). We make use of the relation

m^{l+1/2}J_{l+1/2}(mξ) = (−1)^l √ 2 π ξ^{l+1/2} ( d ξ∂ξ )_l sin mξ ξ . Then ∫_∞ 0 dmm^ν J_1(mλ)J_ν (mξ^′) = (−1)^l √ 2 π ξ^ν ( d ξ∂ξ )_l ∫_∞ 0 dmJ_1(mλ) sin mξ ξ = (−1)^l √ 2 π ξ^ν ( d ξ∂ξ )_l θ(λ − ξ) λ √ λ^2 − ξ^2

. (A.7)

This expression is again plugged into eq. (14) and then eq. (10). The integration over t^′ is performed by making use of the trick (A.3), and we find

A^0 = α_ok ( 2 d dβ )_{ν−1/2} ∫_{ξ∗} 0 dξξ^{n+2} λ(ξ)^2 √ λ(ξ)^2 − ξ^2 − β | | | |_{β=0} , (A.8)

where α_o = ( − 1 2 )_{ν−3/2} e 4π^{3/2}Γ(ν − 1) . At n = 1 the integral (A.8) can be evaluated explicitly, and one obtains eq. (15).

References

[1] L.B. Okun and Y.B. Zeldovich, Paradoxes of unstable electron, Phys. Lett. B 78 (1978) 597.

[2] M.B. Voloshin and L.B. Okun, On the electric charge conservation, Pis’ma ZhETF 28 (1978) 156.

[3] A.Y. Ignatev, V.A. Kuzmin and M.E. Shaposhnikov, Is the electric charge conserved?, Phys. Lett. B 84 (1979) 315.

[4] A.Y. Ignatev, V.A. Kuzmin and M.E. Shaposhnikov, On the electric charge nonconservation in gauge theories and electron stability, in Kyoto 1979, proceedings, 16th international cosmic ray conference, vol. 7, p. 400; Electron stability and charge fragmentation in gauge theories, INR preprint IYaI-P-0142, 1980;

R.N. Mohapatra, On possible nonconservation of electric charge, Phys. Rev. Lett. 59 (1987) 1510;

M. Suzuki, Slightly massive photon, Phys. Rev. D 38 (1988) 1544; M.M. Tsypin, Longitudinal photons and conservation of electric charge, Sov. J. Nucl. Phys. 50 (1989) 269;

M.I. Dobroliubov and A.Y. Ignatev, Millicharged particles, Phys. Rev. Lett. 65 (1990) 679;

M. Maruno, E. Takasugi and M. Tanaka, Minicharge nonconservation in SU(3)_C × SU(2)_L × U(1)_Y models, Prog. Theor. Phys. 86 (1991) 907;

R.N. Mohapatra and S. Nussinov, Electric charge nonconservation and minicharged particles: phenomenological implications, Int. J. Mod. Phys. A 7 (1992) 3817.

[5] A.Y. Ignatev and G.C. Joshi, Possible electric charge nonconservation and dequantization in SU(2) × U(1) models with hard symmetry breaking, Phys. Lett. B 381 (1996) 216 [hep-ph/9604238].

[6] V.A. Rubakov and M.E. Shaposhnikov, Do we live inside a domain wall?, Phys. Lett.

B 125 (1983) 136.

[7] K. Akama, Pregeometry in Gauge theory and gravitation. proceedings of the international symposium, Nara, Japan, 1982, K. Kikkawa, N. Nakanishi and H. Nariai eds., Springer-Verlag, 1983.

[8] G. Dvali and M. Shifman, Domain walls in strongly coupled theories, Phys. Lett. B 396 (1997) 64 [hep-th/9612128].

[9] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

[10] S.L. Dubovsky, V.A. Rubakov and P.G. Tinyakov, Brane world: disappearing massive matter, hep-th/0006046.

[11] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity, Phys. Rev. D 59 (1999) 086004 [hep-ph/9807344].

[12] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, New dimensions at a millimeter to a fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257 [hep-ph/9804398].

[13] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999) 3370 [hep-ph/9905221].

[14] J. Lykken, L. Randall, J. High Energy Phys. 06 (2000) 014.

[15] R. Gregory, V.A. Rubakov and S.M. Sibiryakov, Brane worlds: the gravity of escaping matter, hep-th/0003109.

[16] B. Bajc and G. Gabadadze, Localization of matter and cosmological constant on a brane in anti de Sitter space, Phys. Lett. B 474 (2000) 282 [hep-th/9912232].

[17] W. Muck, K.S. Viswanathan and I.V. Volovich, Geodesics and Newton’s law in brane backgrounds, hep-th/0002132.

[18] T. Gherghetta and M. Shaposhnikov, Localizing gravity on a string-like defect in six dimensions, Phys. Rev. Lett. 85 (2000) 240 [hep-th/0004014].

[19] I. Oda, Localization of matters on a string-like defect, hep-th/0006203.